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PROOF THAT THERE ARE EXACTLY 13 ARCHIMEDEAN SOLIDS 
 
An Archimedean solid is a convex polyhedron where all faces are regular polygons and the 
arrangement of polygons around each vertex is the same. Thus each Archimedean solid can be 
described fully by its vertex sequence (v1 , ..., vn), which lists in order the number of sides of the 
polygons around each vertex. For example, the vertex sequence for the cuboctahedron is (3, 4, 3, 4) 
since there is a triangle, a square, a triangle and a square in that order at each vertex. 

 
truncated tetrahedron 

(3, 6, 6) 

 
truncated cube 

(3, 8, 8)

 
truncated octahedron

(4, 6, 6) 

 
cuboctahedron 

(3, 4, 3, 4) 

 
truncated dodecahedron 

(3, 10, 10) 

 
truncated icosahedron 

(5, 6, 6 ) 

 
icosidodecahedron 

(3, 5, 3, 5) 

 
(small) rhombicuboctahedron 

(3, 4, 4, 4 ) 

 
truncated cuboctahedron 

(4, 6, 8) 

 
snub cube 

(3, 3, 3, 3, 4) 

 
(small) rhombicosidodecahedron 

(3, 4, 5, 4) 

 
truncated icosidodecahedron 

(4, 6, 10) 

 
snub dodecahedron 

(3, 3, 3, 3, 5) 
 
Consider a solid with vertex sequence (v1 , ..., vn).  
Each polygon must have 3 or more faces. So v1 , ..., vn  3. 
There must be at least 3 polygons meeting at each vertex. So n  3. 
If n  6, then the sum of angles at a vertex  6  60 = 360, which is impossible. So n < 6. 
The proof can now be divided into three parts, one for n = 3, n = 4 and n = 5 respectively. 
 
Part I: n = 3 
 
Let the vertex sequence be (a, b, c) where a  b  c. If a  6, then the sum of angles at a vertex  3  
120 = 360, which is impossible. So a = 3, 4 or 5. We consider the cases separately. 
 
Case 1: a = 3. 
We first show that b = c. Consider a typical triangular face ABC: 

 
 
Without loss of generality, let BC be adjacent to a b–sided polygon. Then both AB and AC must be 
adjacent to c-sided polygons. So there must be two c-sided polygons around vertex A. Hence b = c. 
b = 3 gives us the tetrahedron (3, 3, 3). 
If b  4, we can show that b must be even. Consider a typical b–sided face ABCD...  
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Of the other two faces at vertex B, one must be a triangle, and the other a c–sided polygon. Without 
loss of generality, let AB be adjacent to a triangle and let BC be adjacent to a c–sided polygon. It 
follows that CD must be adjacent to another triangle. Thus the neighbours of the polygon ABCD... 
must be alternately triangular and c–sided. Hence the polygon ABCD... has an even number of 
neighbours, showing that b is even. 
If b  12, then the sum of angles at a vertex  60 + 150 + 150 = 360, which is impossible. 
So the only possible values of b are 4, 6, 8 and 10. These give us the triangular prism (3, 4, 4), the 
truncated tetrahedron (3, 6, 6), the truncated cube (3, 8, 8) and the truncated dodecahedron (3, 10, 10). 
 
Case 2: a = 4.  
b = 4 gives rise to the cube and the infinite class of prisms (4, 4, n), n  4. 
If b > 4, by the same reasoning as above, we can show that both b and c must be even.  
If b  8, then the sum of angles at a vertex  90 + 135 + 135 = 360, which is again impossible. 
So the only possible value of b is 6.  
If c  12, then the sum of angles at a vertex  90 + 120 + 150 = 360, which is impossible. 
So the only possible values of c are 6, 8 and 10. These give us the truncated octahedron (4, 6, 6), the 
truncated cuboctahedron (4, 6, 8) and the truncated icosidodecahedron (4, 6, 10). 
 
Case 3: a = 5. 
By a reasoning similar to that in case 1, we can show that b = c. 

If b  7, then the sum of angles at a vertex  108 + 128
4
7  + 128

4
7  = 365

1
7  > 360, which is 

impossible. So the only possible values of b are 5 and 6. These give us the dodecahedron (5, 5, 5) and 
the truncated icosahedron (5, 6, 6). 
 
Part II: n = 4 
 
Let the vertex sequence be some permutation of {a, b, c, d} where a  b  c  d. 
If a  4, then the sum of angles at a vertex  4  90 = 360, which is impossible. So a = 3. 
If b  5, then the sum of angles at a vertex  60 + 3  108 = 384 > 360, which is again impossible. 
So b = 3 or 4. We consider the two cases separately. 
 
Case 1: b = 3. 
If c  6, then the sum of angles at a vertex   60 + 60 + 2  120 = 360, which is impossible. 
So c = 3, 4 or 5. 
c = 3 gives rise to the octahedron (3, 3, 3, 3) and the infinite class of antiprisms (3, 3, 3, n), n > 3. 
For c = 4 or 5, the vertex sequence is some permutation of {3, 3, c, d} where c  d. 
We first show that two triangles cannot be next to each other around a vertex. 
Assuming the contrary, we let the vertex sequence be (3, 3, c, d) and consider a typical triangular face 
ABC: 

 

c–sided 
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By our assumption, one side of the triangle ABC is adjacent to another triangle. Without loss of 
generality, let BC be the side that is adjacent to another triangle. The vertex A must also have two 
adjacent triangles, at one of the positions shown by the dotted lines. This leads to either vertex B or C 
being adjacent to three triangles, which is a contradiction. 
 
The vertex sequence must now be (3, c, 3, d) where c = 4 or 5 and c  d. 
We now show that c = d. Consider a typical triangular face ABC: 
 

 
 
Without loss of generality, let AB be adjacent to a c–sided polygon, and AC be adjacent to a d–sided 
polygon. Then the polygon adjacent to the side BC must be both c–sided and d–sided. Hence c = d. 
This gives us the cuboctahedron (3, 4, 3, 4) and the icosidodecahedron (3, 5, 3, 5). 
 
Case 2: b = 4. 
If c  5, then the sum of angles at a vertex  60 + 90 + 2  108 = 366 > 360, which is impossible. 
So c = 4. 
If d  6, then the sum of angles at a vertex  60 + 90 + 90 + 120 = 360, which is also impossible. 
So the only possible values of d are 4 and 5. 
We shall now show that (3, 4, 4, 5) does not form an Archimedean solid. 
Consider a typical triangular face ABC: 

 
 
Without loss of generality, let BC be the side that is adjacent to a square. 
At vertex B, this square must be adjacent to another square and so the side AB must be adjacent to a 
pentagon. Similarly at vertex C, this square must also be adjacent to another square and so AC is 
adjacent to a pentagon. Then we have two pentagons around vertex A, which is impossible. So (3, 4, 4, 
5) does not form an Archimedean solid. 
This leaves the rhombicubotahedron (3, 4, 4, 4) and the rhombicosidodecahedron (3, 4, 5, 4). 
 
Part III: n = 5 
 
Let the vertex sequence be some permutation of {a, b, c, d, e} where a  b  c  d  e.  
If d  4, then the sum of angles at a vertex  60 + 60 + 60 + 2  90 = 360, which is impossible. 
Hence a = b = c = d = 3. 
If e  6, then the sum of angles at a vertex  60 + 60 + 60 + 60 + 120 = 360, which is also 
impossible. So the only possible values of e are 3, 4 and 5. 
These give us the icosahedron (3, 3, 3, 3, 3), the snub cube (3, 3, 3, 3, 4) and the snub dodecahedron 
(3, 3, 3, 3, 5). 
 
Ref: Tom Boag, Charles Boberg, Lyn Hughes. (1979). On Archimedean Solids. Mathematics Teacher. 
Diagrams of Archimedean solids from http://en.wikipedia.org/wiki/Archimedean_solid 
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